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1 Abstract. We introduce the perturbative aspects of noncommutative
quantum mechanics. Then we study the Berry’s phase in the framework of non-
commutative quantum mechanics. The results show deviations from the usual
quantum mechanics which depend on the parameter of space/space noncomm-
tativity.
1 Introduction.
Noncommutative quantum mechanics have received a wide attentian once it
was realized that they could be obtained as low energy limit of string theory
in the presence of a B field [1,2]. In field theories the noncommutativity is
introduced by replacing the standard product by the star product. for a mani-
fold parameterized by the coordinates xi, the noncommutative relation can be
written as :
[xˆi, xˆj ] = iθij [xˆi, pˆi] = iδij [pˆi, pˆj ] = 0. (1)
Many physical problems have been studied in the framework of the noncommu-
tative quantum mechanics (NCQM), see e.g. [6-19]. NCQM is formulated in
the same way as the standard quantum mechanics SQM (quantum mechanics
in commutative spaces), that is in terms of the same dynamical variables repre-
sented by operators in a Hilbert space and a state vector that evolves according
to the Schroedinger equation :
i
d
dt
|ψ >= Hnc|ψ >, (2)
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we have taken in to account h¯ = 1. Hnc ≡ Hθ denotes the Hamiltonian for a
given system in the noncommutative space. In the literatures two approaches
have been considered for constructing the NCQM :
a) Hθ = H , so that the only difference between SQM and NCQM is the presence
of a nonzero θ in the commutator of the position operators i.e. equ.(1).
b) By deriving the Hamiltonian from the moyal analog of the standard Schroedinger
equation :
i
∂
∂t
ψ(x, t) = H(p =
1
i
∇, x) ∗ ψ(x, t) ≡ Hθψ(x, t), (3)
where H(p, x) is the same Hamiltonian as in the standard theory, and as we
observe the θ - dependence enters now through the star product [17]. In [19],
it has been shown that these two approaches lead to the same physical theory.
For the Hamiltonian of the type :
H(pˆ, xˆ) =
pˆ2
2m
+ V (xˆ). (4)
The modified Hamiltonian Hθ can be obtained by a shift in the argument of the
potential [6,17] :
xi = xˆi +
1
2
θij pˆj pˆi = pi. (5)
which lead to
Hθ =
p2
2m
+ V (xi − 1
2
θijpj). (6)
The variables xi and pi now, satisfy in the same commutation relations as the
usual case :
[xi, xj ] = [pi, pj ] = 0 [xi, pj ] = δij . (7)
Topological effects are among the most important quantum phenomena dis-
covered since the creation of the quantum mechanics. The Aharonov-Bohm
(AB) effect [3], was the first such effect which changed basic assumptions about
the role of the potentials in physics. There is also a geometric effect discovered
by Berry [4], almost two decades later. Berry investigated quantum systems
that undergo an adiabatic evolution goverened by several changing parameters.
When these parameters return to their initial values, quantum systems return
to their initial states up to a phase. Berry found that the phase contains a
geometric part, which depends on the path in the space of the parameters, but
not on the rate evolution of the system along the path. Aharonov and Anandan
subsequently generalized Berry’s phase to nonadiabatic evolution [5]. The AB
effect in noncommutative spaces has been studied in [7] and [8]. In this paper
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we study the Berry’s phase in noncommutative spaces.
2 Perturbation aspects of noncommutative dynamics.
In this section we discuss the ”perturbation aspects of noncommutative dy-
namics”. The perturbation aspects of q-deformed dynamics in one dimensional
q-spaces has been studied in [20] and [21]. Using
U(x+∆x) = U(x) +
∞∑
n=1
U (n)(x)
n!
(∆x)n, (8)
and equ.(6) for small θ we have :
Hnc =
p2
2m
+ V (xi) +
∞∑
n=1
V (n)(xi)
n!
(∆xi)
n, (9)
where ∆xi = − 12θǫijpj and H = p
2
2m + V (x) is the Hamiltonian in ordi-
nary(commutative) space. To the first order we have :
Hnc =
p2
2m
+ V (xi) + ∆xi
∂V
∂xi
= H +∆xi
∂V
∂xi
= H + θHI . (10)
We can use perturbation theory to obtain the eigenvalues and eigenfunctions
of Hnc :
En = E
0
n +∆E
0
n = E
0
n + θE
(1)
n + θ
2E(2)n + ... . (11)
ψn = φn +
∑
k 6=n
Cnk(θ)φk. (12)
where :
Cnk(θ) = θC
(1)
nk + θ
2C
(2)
nk + ... . (13)
To the first order in perturbation theory we have :
θE(1)n =< φn|θHI |φn >, (14)
ψn = φn + θ
∑
k 6=n
C
(1)
nk φk, (15)
θC
(1)
nk =
< φk|θHI |φn >
E0n − E0k
, (16)
where E0n and φn are the nth eigenvalue and eigenfunction of the Hamiltonian
H . En and ψn are the nth eigenvalue and eigenfunction of Hnc. For example
for the Hydrogen atom :
V (r) = −ze
2
r
= − ze
2
√
xˆxˆ
. (17)
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and we have :
θHI = −1
2
θǫijpj(
xize2
r3
) = −ze2θxiǫijpj
2r3
. (18)
which is in agreement with the result of Ref. [6]. Using (15) and (16) we can
find the eigenfunctions for the Hydrogen atom in noncommutative spaces.
ψHydrogenn = φn +
∑
k 6=n
< φk|θHI |φn >
E0n − E0k
φk, (19)
where θHI is given by equ.(18).
2 Berry’s phase in noncommutative spaces.
Now the Hamiltonian Hnc, its eigenfunctions ψn and eigenvalues En are
known (equs. (11)-(13)) and we can calculate the Berry’s phase in noncommu-
tative case. suppose a quantum system is in nth eigenstate :
Hnc|ψn >= Enψn. (20)
If Hnc is slowly changed, then according to the adiabatic theorem the system
remains in the nth eigenstate of the slowly-changing Hamiltonian Hnc. If at
time τ it returns to its initial form Hnc(τ) = Hnc(t = 0), it follows that the
system must return to its initial state up to a phase factor, and we have :
|ψn(τ) >= e−i
∫
τ
0
En(t
′)dt′
eiηn(τ)|ψn > . (21)
¿From the Schroedinger equation we have :
i
∂|ψn >
∂t
= En(t)|ψn(t) > . (22)
Differentiating eq.(21) at time t, and plugging in to the Schroedinger equation,
we obtain :
∂
∂t
|ψn(t) > +idηn(t)
dt
|ψn(t) >= 0. (23)
Multiplying on the left by < ψn(t)|, we have :
ηn(τ) = i
∫ τ
0
< ψn(t)| ∂
∂t
|ψn(t) > dt. (24)
If the time dependence of the Hamiltonian arises because we are changing some
prameters R with time, then we may write
ηn(τ) = i
∫ τ
0
< ψn(t)| ∂
∂t
|ψn(t) > dt = i
∮
dR < ψn(R)|∇Rψn(R) > . (25)
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By substituting for ψn(t) for a given time t :
|ψn(t) >= |φn(t) > +
∑
k 6=n
Cnk(θ)|φk(t) > . (26)
we have :
< ψn(t)| ∂∂t |ψn(t) >=
[< φn(t)|+
∑
k 6=n
Cnk(θ) < φk(t)|] ∂
∂t
[|φn(t) > +
∑
ℓ 6=n
Cnℓ(θ)|φℓ(t) >]. (27)
which leads to :
ηn(τ) = i
∫ τ
0
dt < φn(t)| ∂∂t |φn(t) > +
i
∑∞
i=1 θ
i
∫ τ
0 dt{
∑
ℓ 6=nC
(i)
nℓ < φn(t)| ∂∂t |φℓ(t) > +
∑
k 6=n C
(i)
nk < φk(t)| ∂∂t |φn(t) >
+
∞∑
r=1
∑
ℓ 6=n
∑
k 6=n
θrC
(i)
nℓC
(r)
nk < φℓ(t)|
∂
∂t
|φk(t) >}. (28)
or :
ηn = i
∮
dR < φn(R)|∇Rφn(R) > +
i
∑∞
i=1 θ
i
∮
dR{∑ℓ 6=n C(i)nℓ < φn(R)|∇Rφℓ(R) > +∑k 6=n C(i)nk < φk(R)|∇Rφn(R) >
+
∞∑
r=1
∑
ℓ 6=n
∑
k 6=n
θrC
(i)
nℓC
(r)
nk < φℓ(R)|∇Rφk(R) >}. (29)
The first term is Berry’s phase in commutative space and the second term
gives the correction to the Berry’s phase due to the noncommtativity of space.
If the parameter θ is small, the higher order terms (higher powers in θ) are very
small and we have :
ηn = i
∮
dR < φn(R)|∇Rφn(R) > +
iθ
∮
dR{
∑
ℓ 6=n
C
(1)
nℓ < φn(R)|∇Rφℓ(R) > +
∑
k 6=n
C
(1)
nk < φk(R)|∇Rφn(R) >}+O(θ2).
(30)
As we mentioned above the argument can be generalized to nonadiabatic evo-
lution.
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Let us consider the case of a spin- 12 particle in a magnetic field. If the magnetic
field B(t) initially lie along the z-direction B(t = 0) = Bzˆ, then the initial
Hamiltonian is given by :
H(t = 0) = −M.B = eg
4mc
σ.B =
eg
2mc
BSz . (31)
Assume that the particle initially starts out in an eigenstate of Sz, we want to
determine what happens to the particle if the direction of the B-field is rotated
in some matter such that at time t = τ , the field again lines up with the z- axis.
If the B-field doesn’t depend on the coordinates i.e. it is constant in space, then
HI = 0 and we have :
Hnc = H. (32)
This means that for a spin- 12 particle at the presence of constant magnetic field
in a noncommutative space, the correction to the Berry’s phase vanishes.
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